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In order to obtain the equation of state and construct hybrid stars, we calculate the thermody-
namic potential in the two-flavor Nambu–Jona-Lasinio model with tensor-type four-point interaction
between quarks. In addition, we impose the β equilibrium and charge neutrality conditions on the
system. We show that the tensor condensate appears at large chemical potential, however, it is
difficult to hold hybrid stars with two-solar mass by using the equation of state with the tensor
interaction. Although we cannot obtain the stars with two-solar mass because of the absence of the
repulsive interaction, the estimated magnetic moment density is very large. Therefore, we expect
that the tensor interaction describes the magnetic fields of compact stars.
PACS numbers: 21.65.Qr, 12.39.Fe
I. INTRODUCTION
One of recent interests is to clarify the phase struc-
ture of the world governed by the quantum chromody-
namics (QCD). It is well known that at low temper-
ature and small chemical potential the hadronic phase
is realized. In this phase, because of the color confine-
ment, we cannot remove a single quark from hadrons.
At high temperature and small chemical potential, the
quark-gluon plasma phase may be realized. On the other
hand, it is very difficult to investigate the phase structure
at low temperature and large chemical potential. Many
researchers, however, consider that the color supercon-
ducting phase may be realized under certain conditions
[1].
In order to exhibit the phase structure of QCD, the
Nambu–Jona-Lasinio (NJL) model [2–5] has been used
by many authors. For example, in Refs.[6–8], the color
superconductivity has been discussed in the NJL model.
Especially, in Ref.[9] the authors have included the vector
interaction as well as the quark-pairing interaction into
the NJL model. As a result, it has been shown that the
chiral condensate and the color superconducting gap may
coexist because of the vector interaction.
The possibility that the spins of quarks may become
polarized at large chemical potential has been discussed
in Ref.[10]. In addition, since a spin polarization term
can be derived from the axial-vector interaction, the au-
thors in Refs.[11–13] have investigated the possibility of
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spin polarization by using an axial-vector interaction. A
term similar to the spin polarization term can also be ob-
tained from a tensor interaction in the NJL model, which
can be interpreted as an anomalous magnetic moment in-
duced dynamically [14]. In this paper that term is called
the “tensor condensate.” The tensor condensate from
the tensor interaction was investigated in Ref.[15]. It has
been shown in Ref. [16] that the tensor condensed phase
may be realized at large chemical potential. Also, in
Refs.[17, 18], the relationship between the tensor conden-
sate and color superconductivity has been investigated
at zero temperature. Moreover, in our preceding papers
[19, 20], the relationship between the chiral condensed
phase, “tensor condensed phase” and the color supercon-
ducting phase has been discussed at finite temperature
and finite quark chemical potential. According to these
investigations, the chiral condensate, and tensor conden-
sate do not coexist, however, the tensor condensate and
two-flavor color superconducting gap may coexist at low
temperature and large quark chemical potential. Fur-
ther, ferromagnetism due to the tensor condensate has
been investigated in Ref.[21]. It has been shown that if
quarks have an anomalous magnetic moment, the ten-
sor condensate may lead to spontaneous magnetization
in high density quark matter.
These conditions, large chemical potential, and low
temperature, may be realized in the inner core of compact
stars, for e.g., neutron stars and magnetars. It is known
that neutron stars have very strong magnetic fields at
their surface [22]. However, nobody understands defi-
nitely the mechanism that generates such strong mag-
netic fields. We propose that the tensor condensate is
the origin of magnetic fields.
2Another interesting topic of research related to neutron
stars is the difficulty of describing stars with two-solar
mass using equation of state (EOS) that includes hyper-
ons or non-nucleonic degrees of freedom [23]. Though the
calculation in the present investigation does not include
strange quarks, we will construct compact stars with a
quark core using the EOS obtained from the NJL model
with the tensor interaction.
In Sec. II we introduce the NJL model with the tensor
interaction and then calculate the thermodynamic po-
tential. In Sec. III we discuss numerical results and
construct hybrid stars. The last section is devoted to
conclusions and remarks.
II. LAGRANGIAN DENSITY AND
THERMODYNAMIC POTENTIAL
In this section we introduce the NJL model with the
tensor interaction at finite chemical potential. In addi-
tion to this, we impose the β equilibrium and charge neu-
trality conditions on the system. The Lagrangian density
with flavor SU(2) and color SU(3) symmetry is
Ltotal = LNJL + LT + Le + LD,
LNJL = ψ¯iγ
µ∂µψ +GS
{
(ψ¯ψ)2 + (ψ¯iγ5~τψ)2
}
LT = −
GT
4
{
(ψ¯γµγν~τψ) · (ψ¯γµγν~τψ)
+ (ψ¯iγ5γµγνψ)(ψ¯iγ5γµγνψ)
}
,
Le = ψ¯eiγ
µ∂µψe,
LD = µψ
†ψ + λ
{
ψ†eψe +
1
3
ψ†dψd −
2
3
ψ†uψu
}
,
(1)
where τi (i = 1, 2, 3) is the Pauli matrix that operates in
the flavor space and ψ =
(
ψu
ψd
)
is the quark fields for up
quark ψu and down quark ψd, respectively. The term LT
represents the tensor interaction. 1 We have added the
term, Le, for electrons that neutralize stellar matter. For
simplicity, in this discussion we ignore the current quark
mass and the electron mass. The term LD controls den-
sities. The variables µ and λ handle the quark number
density and charge density, respectively. Namely, µ is
the quark chemical potential, and λ will be identified as
the electron chemical potential after optimization of the
thermodynamic potential.
In this paper, we pay attention to the term,
(ψ¯γ1γ2τ3ψ)
2 in LT since using the Dirac representation,
we can derive the spin matrix Σz = −iγ
1γ2. Let us write
down the Lagrangian density that we consider in this
discussion:
L = ψ¯iγµ∂µψ +GS(ψ¯ψ)
2 +
GT
2
(ψ¯Σzτ3ψ)
2
+ ψ¯eiγ
µ∂µψe + µψ
†ψ
+ λ
(
ψ†eψe +
1
3
ψ†dψd −
2
3
ψ†uψu
)
.
(2)
In the mean field approximation, the above Lagrangian
density becomes
LMFA =
∑
f=u,d
ψ¯f
[
iγµ∂µ −M − fˆFΣz + µfγ
0
]
ψf
−
M2
4GS
−
F 2
2GT
+ ψ¯e
[
iγµ∂µ + λγ
0
]
ψe,
(3)
where
M = −2GS(〈ψ¯uψu〉+ 〈ψ¯dψd〉), (4)
F = −GT (〈ψ¯uΣzψu〉 − 〈ψ¯dΣzψd〉), (5)
and 〈·〉 means expectation value. Note that the variables,
M and F , are the order parameters, the chiral conden-
sate, and tensor condensate, respectively. In order to
simplify the notation, we have defined fˆ in the following
way:
fˆ =
{
1 for f = u
−1 for f = d
,
where u and d represent up quark and down quark, re-
spectively. In addition, we also introduce
µu = µ−
2
3
λ, µd = µ+
1
3
λ.
We will realize the above variables as chemical potential
of the up quark and down quark, respectively. By using
the standard technique, we can obtain the single-particle
energy as follows:
ǫα =
√
p2z +
(√
p2x + p
2
y +M
2 + αF
)2
,
ǫe = p,
(6)
where α = ±1. The first one is for quarks and the second
one is for electrons. As we have commented, λ is iden-
tified as the electron chemical potential. Therefore, we
write µe := λ in the following discussion. The thermo-
dynamic potential Φ is obtained as
1 In other papers, the term LT is sometimes written by using
σµν = i
2
[γµ, γν ]. It means that the interaction does not con-
tain terms µ = ν. Therefore, in our notation, we do not consider
terms µ = ν.
3Φ(M,F, µ, µe) = Φq +Φe,
Φq = NC
∫
|~p|≤Λ
d3p
(2π)3
∑
f=u,d
α=±1
{(
ǫα − µf
)
θ(µf − ǫ
α)− ǫα
}
+
M2
4GS
+
F 2
2GT
,
Φe = 2
∫ ∞
−∞
d3p
(2π)3
(
ǫe − µe
)
θ(µe − ǫe) = −
µ4e
12π2
,
(7)
where Φq and Φe are the thermodynamic potentials for
the quark and electron, respectively, and NC = 3 is the
number of color. We have introduced a three-momentum
cutoff parameter Λ in the quark thermodynamic poten-
tial.
Here we discuss renormalization of the thermodynamic
potential briefly. We can derive the pressure P as P =
−Φ. However, in this case,
P (µ = µe = 0) = −Φ(M0, F0, 0, 0) 6= 0.
whereM0 and F0 minimize Φ when µ = µe = 0. Namely,
the pressure is not zero at zero chemical potentials.
Therefore, we redefine a new thermodynamic potential
as
ΦR(M,F, µ, µe)
:= Φ(M,F, µ, µe)− Φ(M0, F0, 0, 0).
(8)
Then, the renormalized pressure is computed as P =
−ΦR.
We can calculate the quark number density by differ-
entiating the thermodynamic potential with respect to
the quark chemical potential:
ρ = −
∂ΦR
∂µ
= ρu + ρd, (9)
where ρu and ρd are the number density of up quark and
down quark, respectively. On the other hand, we can
obtain the electron number density in the following way:
ρe = −
∂Φe
∂µe
=
µ3e
3π2
. (10)
We minimize the thermodynamic potential under the
condition ∂ΦR/∂µe = ∂ΦR/∂λ = 0, namely,
ρe +
1
3
ρd −
2
3
ρu = 0. (11)
It means the charge neutrality condition. Using the
above condition and the definition of the quark number
density, the number density of up quark and down quark
can be written as
ρu =
1
3
ρ+ ρe, ρd =
2
3
ρ− ρe. (12)
In addition, the chemical potential of the up quark and
down quark can be written as
µu = µ−
2
3
µe, µd = µ+
1
3
µe. (13)
Then we can derive µd = µu + µe, and it is the β equi-
librium condition.
We can write down energy density through the ther-
modynamic relation as
E = ΦR + µρ = ΦR + µ(ρu + ρd). (14)
III. NUMERICAL RESULTS
We comment on the parameters. The NJL model is
not a renormalizable theory, therefore, we have intro-
duced a three-momentum cutoff parameter, Λ. The pa-
rameters, Λ and GS , are determined to reproduce the dy-
namical quark mass and the pion decay constant in the
vacuum. The value of the coupling constant with ten-
sor interaction GT may be determined by experimental
values [24, 25] or the Fierz transformation of the scalar
and pseudoscalar interaction in the NJL model. In these
cases, the sign of GT becomes opposite to our model. On
the other hand, in Ref. [26], the authors use the oppo-
site and same sign. The value of GT is not well known,
therefore, we treat GT as a free parameter. The values
of parameters are enumerated in the Table. I.
In the following discussion, we do not use the quark
chemical potential but baryon chemical potential. It is
defined in the following way:
µB = 3µ. (15)
In addition, we also introduce the baryon number density
as
ρB =
1
3
ρ. (16)
A. Behavior of F
Figure 1 shows the behavior of the tensor condensate
F . We vary the value of baryon chemical potential from
0.6 GeV to 1.8 GeV. Since the model GT0 does not have
4TABLE I. Parameter set
Model Λ [GeV] GS [GeV
−2] GT [GeV
−2]
GT0 0.631 5.5 0
GT11 0.631 5.5 11.0
GT12 0.631 5.5 12.0
GT13 0.631 5.5 13.0
GT14 0.631 5.5 14.0
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FIG. 1. The relationship between the baryon chemical poten-
tial µB and the tensor condensate F is shown. The horizontal
and vertical axes represent the baryon chemical potential and
tensor condensate, respectively.
the tensor interaction, the tensor condensate does not
occur. Thus, the model GT0 does not appear in this
figure. The figure shows that as the GT becomes larger,
F can get nonzero values at smaller chemical potential.
Moreover, the value of F becomes larger.
Next we show the competition between the chiral con-
densate and the tensor condensate; see Fig. 2. The four
graphs represent the competition in models GT11, GT12,
GT13, and GT14, respectively. The horizontal axis is the
baryon chemical potential, and the vertical axis is the
chiral condensate M and the tensor condensate F . In
all models, while µB is small enough, the chiral conden-
sate is realized. Then, when µB becomes large enough,
the tensor condensate is realized. In our calculation, we
cannot obtain the situation M 6= 0 and F 6= 0. Let us
summarize the phase transition in our model here. When
we use models GT11, GT12, and GT13, the phase tran-
sition is of the type
Chiral condensed phase (M 6= 0, F = 0)
−→ Chiral symmetric phase (M = 0, F = 0)
−→ Tensor condensed phase (M = 0, F 6= 0),
as the baryon chemical potential becomes larger. The
phase transition occurs via the chiral symmetric phase.
On the other hand, when we use model GT14, the phase
transition is of the type
Chiral condensed phase (M 6= 0, F = 0)
−→ Tensor condensed phase (M = 0, F 6= 0),
as the baryon chemical potential becomes larger.
B. Behaviors of ρ, µe and etc
Figure 3 shows the behavior of the baryon number den-
sity of the system. The horizontal and vertical axes are
the baryon chemical potential and the baryon number
density, respectively. Model GT0 has one discontinuity
at µB ∼ 1.0 GeV. It means that the phase transition oc-
curs from the chiral condensed phase to the chiral sym-
metric phase. The models GT11, GT12, and GT13 have
one discontinuity at µB ∼ 1.0 GeV and one sharp rise,
but continuous, in the value. The former discontinuity
corresponds to the phase transition from the chiral con-
densed phase to the chiral symmetric phase. The latter
sharp rise corresponds to the phase transition from the
chiral symmetric phase to the tensor condensed phase.
On the other hand, model GT14 has only one discontinu-
ity. The discontinuity corresponds to the phase transition
from the chiral condensed phase to the tensor condensed
phase.
Next let us see the behavior of the electron chemical
potential; see Fig. 4. The horizontal and vertical axes
represent the baryon chemical potential and the electron
chemical potential, respectively. In all models, the values
of µe are nonzero at µB = 0 and small baryon chemical
potentials. We consider that this is a numerical error,
the true values are zero while µB . 1.0 GeV. Although
µe 6= 0, this occurs at very low baryonic densities, out
of the range of the baryonic densities at the transition:
hadronic matter↔ quark matter, and below the densities
needed to build the hybrid star’s EOS. As we have seen
in Fig. 3, each of models GT0 and GT14 has one discon-
tinuity, and each of models GT11, GT12, and GT13 has
one discontinuity and one continuous sharp rise in the
values of µe. Here we comment on the discontinuities. It
looks like the discontinuities in models GT11, GT12, and
GT13 are at smaller baryon chemical potential than that
in model GT0. However, the discontinuities in model
GT0, ..., and GT13 should be coincident since the tensor
condensate has not appeared yet. The differences are due
to numerical problem, which, however, will not affect the
main conclusions on the hybrid star structure.
Figure 5 shows the relationship between the baryon
number density and the tensor condensate. The hori-
zontal and vertical axes are ρB and F , respectively. For
the models GT11, GT12, and GT13, F does not have
a finite value at small baryon number densities. How-
ever, if the baryon number density becomes large enough,
F can get nonzero values. Model GT14 does not have
points at small baryon number density because ρB with
such values does not occur (see Fig. 3). Of course, F is
zero at ρB = 0. If the baryon number density exceeds
ρB ∼ 0.6 fm
−3, F can obtain finite values.
In Fig. 6, the relation between the baryon number
density and the electron number density is shown. The
horizontal axis is ρB, and the vertical axis is ρe. In model
GT0, the value of ρe increases linearly as ρB becomes
larger. On the other hand, in models GT11, ..., and
GT14, the curves of ρe rise sharply after the tensor con-
5FIG. 2. These four figures show the competition between the chiral condensateM and the tensor condensate F in model GT11,
GT12, GT13, and GT14, respectively. The horizontal axis is the baryon chemical potential µB and the vertical axis is the
values of M and F .
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FIG. 3. The relationship between the baryon chemical po-
tential µB and the baryon number density ρB is shown. The
horizontal and vertical axes represent the baryon chemical
potential and baryon number density, respectively.
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FIG. 4. This figure shows the relation between the baryon
chemical potential µB and the electron chemical potential µe.
The horizontal axis is µB and the vertical axis is µe.
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FIG. 5. The relationship between the baryon number density
ρB and the tensor condensate F is shown. The horizontal
and vertical axes represent the baryon number density and
the tensor condensate, respectively.
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FIG. 6. This figure shows the relation between the baryon
number density ρB and the electron number density ρe. The
horizontal and vertical axes represent ρB and ρe, respectively.
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FIG. 7. This figure shows the proportion of up quarks in the
system. The horizontal axis is the quark number density ρ
not the baryon number density. The vertical axis is ρu/ρ.
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FIG. 8. This figure shows the proportion of down quarks in
the system. The horizontal axis is the quark number density
ρ not the baryon number density. The vertical axis is ρd/ρ.
densate is realized. In addition, the value of ρe becomes
larger at fixed ρB as the value of GT becomes larger. This
is due to the fact that the tensor condensate favors larger
(smaller) up-quark (down-quark) fractions, see discussion
below, and in order to ensure electric charge neutrality
the electron number density must increase.
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FIG. 9. The relationship between the baryon number den-
sity ρB and pressure P is shown. The horizontal and vertical
axes represent the baryon number density and pressure, re-
spectively.
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FIG. 10. The relationship between the radius and mass of
hybrid stars is shown. We have normalized the mass m by
the solar mass msun and the radius r by r0 = 10 km. The
horizontal and vertical axes represent the radius r/r0 and
mass m/msun, respectively.
In Figs. 7 and 8, we plot up-quark and down-quark
fractions, ρu/ρ and ρd/ρ, as a function of the quark num-
ber density ρ. In model GT0, the two fractions do not
change very much. In other models, because of the ten-
sor condensate, ρu/ρ increases and ρd/ρ decreases. The
variations of the two fractions become larger as GT be-
comes larger. The tensor interaction reduces the energy
of the system and it energetically favors a reduction of
the down-quark Fermi momenta. The energy gain com-
pensates the increase of the electric density.
In Fig. 9, the baryon number density versus pressure
plot is depicted. We have eliminated some isolated points
at P = ρB = 0 for numerical reasons when we compute
interpolated functions. Therefore, the baryon number
density ρB starts from a finite value instead of zero. The
pressure of the model GT0 increases monotonically from
the origin. 2 On the other hand, the models GT11,
GT12, and GT13 have plateaus. These plateaus indicate
the onset of the tensor condensate.
C. Hybrid star
First, we explain what we refer to as a “hybrid star.”
The hybrid star has an inner core that consists of the
quark matter, and the outer core and crust consist of
hadrons. In order to obtain the EOS of hadrons, we use
the NL3ωρ model [27].
Let us discuss the relationship between the radius
and mass of hybrid stars by solving the Tolman-
Oppenheimer-Volkoff (TOV) equation numerically. In
Fig. 10, the radius (r)-mass (m) relation is depicted. We
have normalized r and m by r0 = 10 km and the solar
massmsun, respectively. See the models GT0, GT11, and
2 It should be noted that the origin in this graph is not (ρB , P ) =
(0, 0).
7GT12. The curves bend at (r/r0,m/msun) ∼ (1.3, 1.3).
The point corresponds to the appearance of the quark
matter at the inner core of the hybrid star; the curves un-
der this point have “hadron cores,” on the other hand, the
curves above this point have “quark cores.” The curves
of the models GT11 and GT12 bend at (r/r0,m/msun) ∼
(1.2, 1.7) and (r/r0,m/msun) ∼ (1.25, 1.5) again, respec-
tively. This point means that the tensor condensate ap-
pears at the core of the hybrid stars; the curves under
this point have cores which are M = F = 0. The
curves above this point have cores which are M = 0
and F 6= 0. The curve of the model GT13 snaps off at
(r/r0,m/msun) ∼ (1.28, 1.2). This point means the on-
set of the tensor condensate at the core. Since the tensor
condensate is realized at smaller chemical potential as
GT becomes larger, the curve of the model GT14 bends
earlier than the model GT13. The “bending point” for
the model GT14 is at (r/r0,m/msun) ∼ (1.18, 0.7). We
note that models GT13 and GT14 predict “twin stars”
[28, 29], i.e., stable stars with the same mass but very
different radii: a hadronic star and a hybrid star, the
first one with a radius is 2 km larger than the hybrid
star radius. For more discussion concerning twin stars,
please see Refs. [28, 29].
D. Estimation of magnetic moment
We estimate the magnetic moment density by using
Eq. (22) in Ref. [30]. In our case, the expression of the
magnetic moment density becomes
Mmag =
(
2
3
ρ¯u +
1
3
ρ¯d
)
e
2mq
〈ψ¯iγ1γ2τ3ψ〉
〈ψ†ψ〉
3ρB, (17)
where ρ¯u and ρ¯d are the fraction of up and down quark,
respectively. We use the current quark mass: mq =
0.005 GeV. In the above equation, ρ¯u and ρ¯d satisfy
ρ¯u + ρ¯d = 1; thus, we can write
ρ¯u =
ρu
ρu + ρd
, ρ¯d =
ρd
ρu + ρd
.
In Ref. [30], a relation ρ¯u = ρ¯d is used. However, in our
case, this condition is not satisfied because we are im-
posing the β equilibrium and the charge neutrality con-
ditions on the system. Thus, we must use numerical data
for ρ¯u and ρ¯d, namely, ρu and ρd. By using the following
relations: 3ρB = ρ, ρu = ρ/3 + ρe and ρd = 2ρ/3 − ρe,
we can transform Mmag into
Mmag = (4ρB + ρe)×
eF
18mqGT ρB
.
Here we discuss the dimension. We are using the follow-
ing unit: c = ~ = µ0 = 1, where µ0 is the vacuum perme-
ability. Therefore, the dimension of Mmag is [GeV
2]. We
also have the relation: 1 Gauss = 1.955 × 10−20 GeV2.
Thus, the dimension of Mmag is [Gauss].
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FIG. 11. The figure shows the relationship between the chem-
ical potential and the magnetic moment. The vertical and
horizontal axes represent the magnetic moment density and
the baryon chemical potential, respectively.
See Fig. 11. The vertical and horizontal axes are the
magnetic moment density and the baryon chemical po-
tential, respectively. As GT becomes larger, Mmag gets
larger and becomes finite at smaller baryon chemical po-
tentials. We can get Mmag ∼ 10
19 G.
IV. CONCLUSIONS AND REMARKS
In this paper we have investigated the behavior of ten-
sor condensate and its implication on the properties of
the hybrid star by using the NJL model with the tensor
interaction under the β equilibrium and charge neutral-
ity conditions. As the value of GT becomes larger, the
value of F increases. Moreover, F has nonzero values at
a smaller baryon chemical potential.
In addition, we have constructed hybrid stars by using
the EOS of this model. When GT ≤ 14.0 GeV
−2, we
obtain no hybrid stars with two-solar mass. However, if
we include the vector interaction as repulsion, we may
obtain compact stars with two-solar mass. It is outside
the scope of this paper. We have built stars with a polar-
ized core, and a finite tensor condensate. This could be
a mechanism that explains the strong magnetic fields in-
side magnetars. We expect that our scenario is valid also
for hybrid stars with mhybrid > 2msun, where mhybrid is
the mass of the hybrid star.
We must, however, point out some problems that have
arisen while calculating the hybrid star families. See the
radius-mass curves in Fig. 10. The curves do not reach
the maximum mass. In order to depict the curves, we
have used numerical EOS data with baryon chemical po-
tential, µB . 1.8 GeV, namely, µ . 0.6 GeV. Since the
quark Fermi momentum should not exceed the value of
cutoff parameter Λ it is difficult to extend the curves any
more. If we use a larger cutoff parameter, we may extend
the radius-mass curve, but this requires the determina-
tion of a new set of parameters with a large cutoff and
this will not be considered in this present work.
In this research, we use the flavor SU(2) NJL model
with the tensor interaction. Many researchers consider
8that the color superconducting phase may be realized
in the high density region. In addition, at large chemi-
cal potential we should not ignore the contribution from
strange quarks. Thus, it is interesting to extend our
model to flavor SU(3) case. In our discussion, the renor-
malization was defined in a such a way that the pressure
vanishes when the quark and electron chemical potential
are zero. However, a different renormalization procedure
of the pressure could have been carried out as done in
[27]. These will be considered in a future work.
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Appendix A: How to construct hybrid stars
In this Appendix, we discuss how to construct hy-
brid stars. As we have referred, the hybrid star contains
quarks in the inner core while the outer core consists of
hadrons. In order to obtain the EOS of hadrons, we use
the NL3ωρ model. The Lagrangian density is obtained
as
LNL3ωρ =
∑
N=p,n
ψ¯N
[
γµ(i∂µ − gωNωµ −
1
2
gρNτ · ρµ)− (mN − gσNσ)
]
ψN
+
1
2
∂µσ∂
µσ −
1
2
m2σσ
2 −
1
4
ΩµνΩ
µν +
1
2
m2ωω
µωµ −
1
4
ρ
µν · ρµν +
1
2
m2ρρ
µ · ρµ
−
1
3
bmN (gσNσ)
3 −
1
4
c(gσNσ)
4 + Λω(g
2
ωωµω
µ)(g2ρρµ · ρ
µ),
where Ωµν = ∂µων − ∂νωµ and ρµν = ∂µρν − ∂νρµ. The
Lagrangian density contains the fields of nucleons (ψp
and ψn), σ meson (σ), ρ meson (ρ
µ) and ω meson (ωµ).
We note that the EOS obtained by this model can hold
compact stars with two-solar mass.
Our strategy for numerical calculation is as follows:
1. Give an arbitrary value to the central energy den-
sity of the hybrid star.
2. If the value is large enough that the quark matter
is realized, go to step 3. If the value is not enough,
jump to step 5.
3. Solve the TOV equation from the center to the out-
side of the star by using the EOS of quarks until a
certain reference pressure obtained by performing
a Maxwell construction.
4. At the reference pressure, switch the EOS to the
one of hadrons.
5. Solve the TOV equation to the outside of the star
with the EOS of hadrons until the pressure of the
star vanishes.
6. Change the value of central energy density and go
back to step 2.
In addition to the above strategy, we should discuss
the way to switch the EOS from quarks to hadrons. In
Fig. 12, we plot the EOS for the models GT0, GT11,
..., and GT14. The figures in the left column represent
baryon chemical potential-pressure plots, and those in
the right column represent energy density-pressure plots.
The blue curves (NL3ωρ) are the EOS obtained by the
NL3ωρ model. The yellow curves (NJL+Tensor) repre-
sent the EOS obtained by the NJL model with the ten-
sor interaction. In addition, the green curves (Modified)
are the EOS that is used in the construction of hybrid
stars. We introduce some functions: Pi(µ), pi(E) and
(i = Q,H). The functions PQ (PH) and pQ (pH) refer to
the pressure of NJL+Tensor (NL3ωρ). The argument of
Pi (i = Q,H) is the baryon chemical potential. On the
other hand, the argument of pi (i = Q,H) is the energy
density.
In the left column, there are the cross points, where
PQ(µ0) = PH(µ0) = P0. We switch from EOS to the
other at the pressure P0. This is the Maxwell con-
struction. In the right column, the horizontal part of
the green curve, EH ≤ E ≤ EQ, is defined so that
pH(EH) = pQ(EQ) = P0.
9FIG. 12. In left column, the horizontal and vertical axes represent the baryon chemical potential and pressure, respectively.
In right column, the horizontal and vertical axes are the energy density and pressure, respectively.
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